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Abstract. In this paper we investigate the properties of small surfaces 
of Willmore type in Riemannian manifolds. By small surfaces we 
mean topological spheres contained in a geodesic ball of small enough 
radius. In particular, we show that if there exist such surfaces with 
positive mean curvature in the geodesic ball B r (p) for arbitrarily small 
radius r around a point p in the Riemannian manifold, then the scalar 
curvature must have a critical point at p. 

As a byproduct of our estimates we obtain a strengthened version of 
the non-existence result of Mondino [8] that implies the non-existence 
of certain critical points of the Willmore functional in regions where 
the scalar curvature is non-zero. 



1 Introduction 



In a previous paper [6] Willmore type surfaces were introduced and foliations 
of asymptotically flat manifolds by such surfaces were studied. In this paper 
we turn to the local situation and consider Willmore type surfaces in small 
geodesic balls in Riemannian manifolds. The focus is on a priori estimates 
for such surfaces under the assumption of positive mean curvature and a 
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growth condition for the Lagrange parameter. As an application of these 
estimates we derive a necessary condition for the existence of such surfaces. 

By surfaces of Willmore type we mean surfaces £ that are critical for the 
Willmore functional 



subject to an area constraint |£| = a, where a is some fixed constant. These 
surfaces are solutions of the Euler-Lagrange equation 



where A G R is the Lagrange parameter, H the mean curvature of E, A 
denotes the traceless part of the second fundamental form, Ric refers to 
the Ricci curvature of the ambient manifold, v is the normal of £ and A 
denotes the Laplace-Beltrami operator on S. In particular these surfaces 
are a generalization of Willmore surfaces that are critical for W without 
constraint and therefore satisfy the equation 

AH + H\A\ 2 + HRic(u, v) = 0. 

We note here that there are other functionals that can be considered as 
generalizations of the Willmore functional in Riemannian manifolds, for ex- 
ample the functional U introduced in section 2 could be used (see [12]). 

The precise statement of the main result of this paper is the following: 

Theorem 1.1. Assume that (M,g) is a Riemannian manifold such that the 
curvature and the first two derivatives of the curvature are bounded. Then 
there exist e > and C < oo, depending only on these bounds, with the 
following properties. 

Given p in M and assume that there is ro > such that for each r e (0, ro] 
there exists a surface S r of Willmore type in B r (p), that is on S r we have 

AH + H\A\ 2 + HRic(is, v) + HX r = 0, 

such that in addition the following conditions are satisfied for e < Eq: 

1. S r is a topological sphere, 

2. X r > — e/|E r |, and 

3. H > on E r . 




AH + H\A 



+ #Ric(z/, v) + \H = 



(1.1) 



o 
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Then 



lim|A r + ±Sc(p)| =0. 

r-^O 

Here Sc(p) denotes the Scalar curvature of M at the point p. Furthermore 
V Sc(p) = 

where V Sc(p) denotes the gradient of the scalar curvature of M at p. 

The first claim is proved in section 3 as a consequence of the a priori estimates 
for surfaces of Willmore type derived there. Section 4 is devoted to the proof 
of the second claim. 

For surfaces of constant mean curvature (CMC), that is surfaces satisfying 
H = const, analogous properties have been derived. Ye showed that if 
there locally exists a regular foliation by CMC surfaces near a point p, then 
p is necessarily a critical point of the scalar curvature. For the detailed 
statement including the technical conditions we refer to [13, Theorem 2.1] 
(see also [14]). There are further results in this direction by Druet [3] and 
Nardulli [9] where the expansion of the isoperimetric profile of a Riemannian 
manifold is computed. This computation shows that isoperimetric surfaces 
also concentrate near critical points of the scalar curvature. 

Indeed, it has been shown by Ye in [13] that near non-degenerate critical 
points of the scalar curvature there exist spherical surfaces with arbitrarily 
large mean curvature, or equivalently, arbitrarily small area. We expect that 
a similar statement is true for surfaces of Willmore type, namely that near 
a non-degenerate critical point of the scalar curvature there exist surfaces of 
Willmore type with arbitrarily small area. We will address this elsewhere. 

An immediate corollary of theorem 1.1, is the following strengthened ver- 
sion of the non-existence result of Mondino [8, Theorem 1.3] for Willmore 
surfaces. These surfaces are of Willmore type with multiplier A = 0, and 
thus the previous theorem is applicable. 

Corollary 1.2. Let (M,g) be a Riemannian manifold as in theorem 1.1 and 
let p G M. If Sc(p) 7^ or V Sc(p) 7^ then there exists r > such 
that B r (p) does not contain spherical Willmore surfaces with positive mean 
curvature. 

We conclude the paper with section 5, where the a priori estimates are 
used to calculate the expansion of the Willmore functional on surfaces as in 
theorem 1.1. More precisely, we show that for these surfaces we have 

W(S) = 87r-M Sc ( p ) + o(r|S|). (1.2) 

o 
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This is analogous to the expansion derived by Mondino [8, Proposition 3.1] 
for perturbed spheres. 

2 Preliminaries 

In this section we describe our notation and we provide some tools in order 
to analyze small surfaces in a Riemannian manifold. 

2.1 Notation 

We consider surfaces E in a three dimensional Riemannian manifold (M,g), 
where g denotes the metric on M. We denote by V the induced Levi-Civita- 
Connection, by Ric its Ricci-curvature and by Sc its scalar curvature. 

If p G M and p < inj(M, g,p), the injectivity radius of (M,g) at p, we 
can introduce Riemannian normal coordinates on B p (p), the geodesic ball of 
radius p around p. These are given by the map 

$ : Bf(0) -> B p (p) : x i- exp p (x) 

where B E (0) is the Euclidean ball of radius p in R 3 = T P M. In these 
coordinates the metric g satisfies 

g = g E + h (2.1) 

where g E denotes the Euclidean metric and h satisfies 

\x\- 2 \h\ + Ixl" 1 !^! + \d 2 h\ < h (2.2) 

for all x G Bf(0). Here h is a constant depending only on the maximum 
of | Ric |, |VRic | and |V 2 Ric | in B p (p). More detailed expansions are not 
needed here but can be found in [10, Lemma V.3.4]. For our purposes it is 
sufficient to consider M = B E (0) to be equipped with the two metrics g and 
g E . We will denote B p = B E (0) in the sequel. 

If E C B p (p) is a surface, we denote its normal vector by u, its induced 
metric by 7 and its second fundamental form by A. The mean curvature of 
E is denoted by H = tr 7 A and the traceless part of the second fundamental 
form by A = A — 2-^7- Furthermore, dp denotes the measure on E. Note 
that also the Euclidean metric induces a full set of geometric quantities on 
E, which will be distinguished by the superscript E , for example u E , A E , 
H E , etc. All geometric quantities which we leave undecorated correspond 
to the metric g. 
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2.2 The Willmore Functional 



Assume that E C M. Then we consider the Willmore functional on E, that 
is the functional 




We say that a surface is of Willmore type with multiplier X G R if it satisfies 
the equation 

AH + H\A\ 2 + Hmc(v,v) + XH = 0. (2.3) 



Here A denotes the Laplace-Beltrami operator on E and Ric refers to the 
Ricci-curvature of the ambient metric g as before. Equation (2.3) arises as 
the Euler-Lagrange equation for the the following variational problem: 

Minimize W(E) 
subject to |E| = a 

where a is a given constant. The parameter A in (2.3) is then just the 
Lagrange-parameter of the critical point. For a derivation of this and further 
motivation we refer to [6]. 

Denoting by s Sc the scalar curvature of E, the Gauss equation implies that 
s Sc = Sc-2Ric(^,z/) + i# 2 -|i| 2 . (2.4) 

Integrating this equation on E yields the identity 

W(E) = 8tt(1 - g(E)) + W(E) + V(E) (2.5) 

where ?(E) denotes the genus of E, 

W(E) = J |i| 2 d/i, and 
V(E) = 2 J G(u, v) d/i. 

Here G = Ric— | Scg denotes the Einstein tensor of M. This splitting was 
used in [6] to obtain a priori estimates for the position of Willmore type 
surfaces in asymptotically flat manifolds and shall also play an important 
role in section 4. 
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2.3 Small surfaces 



Since we compare the geometry of a surface E with respect to the ambient 
metrics g and g E we need the following lemma. 

Lemma 2.1. Let g = g + h on B p be given. Then there exists a constant 
C depending only on p and ho from equation (2.2) such that for all surfaces 
EcB r with r < p we have 

|7-7 E | < C\x\ 2 , 
| d/i - dfi E \ < C\x\ 2 , 
\v — v E \ < C\x\ 2 , and 
\A-A E \ <C(|a;| + |x| 2 |A|)- 



In the sequel we will use the big-0 notation. By the statement / = 0(r a ) we 
mean that for any ro > there exists a constant C < oo such that |/| < Cr a 
provided that r < r . 

Observe that the area of a surface in B p is bounded in terms of p and the 
Willmore functional. This lemma is a slight generalization of [11, Lemma 
1.1]. 

Lemma 2.2. Let g = g E + h on B p be given. Then there exists < po < P 
and a constant C depending only on p and h such that for all surfaces 
EcB r with r < po we have 



|E| < Cr 2 J H 2 dfi. 



Proof. Let E C B r be a hypersurface for some r < p. We consider the 
position vector field x on B p . Then we have 

div E x = 2 + 0(|x|) 

where divs means the tangential divergence along E. Integrating this rela- 
tion yields 



2|E| = J div E xd/i+ |E|0(r). 



Since 

r r / r \ 1/2 / r 

\(x,u)\ 2 dn 



J div E xdp = J H(x,u}dj2< (^J H 2 df?J (J 



V 2 / r \ 1 / 2 

2 
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and | (x, u) \ < r, we find that 

|E| < r|S| 1/2 (^J H 2 dp^j + CV|£|. 

Now we can fix po small, so that for all < r < po the the second term on 
the right can be absorbed to the left. This yields the claimed inequality. □ 

For the subsequent curvature estimates we also need a version of the Michael- 
Simon-Sobolev inequality. It follows from the Euclidean version of the in- 
equality [7] in conjunction with lemma 2.1 to change to the respective quan- 
tities to the g-metric. 

Lemma 2.3. Let g = g E + h on B p be given. Then there exists < po < p 
and a constant C depending only on p and ho such that for all surfaces 
S C B po with ||l 2 (£) < oo and all f G C°°(S) we have 

1/2 



jj 2 ^ <C JjVf\ + \Hf\dp. 



2.4 Almost umbilical surfaces 

Subsequently it is necessary to approximate a given surface S by a Euclidean 
sphere. The main tool will be the following theorem from [1] and [2]. We 
denote the L 2 -norm of the trace free part of the second fundamental form 

by 

\\A IIl 2 (£,7 e ) = / I" 4 5 

where all geometric quantities are with respect to the Euclidean background. 
In addition we denote by 



\\Mh ( ^)= [ \M 2 dp, 



the norm of the same tensor, where all geometric quantities are calculated 
with respect to the background metric g. The following theorem is a purely 
Euclidean theorem. 

Theorem 2.4. There exists a universal constant C with the following prop- 
erties. Assume that E C R 3 is a surface with || 2 2( S 7 e\ < 8 71 "- Let 

R E := ^/|S|- E /47r be the Euclidean area radius ofY> anda E := IS^ 1 J E xdp E 
be the Euclidean center of gravity. Then there exists a conformal map 
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i/j : S :— Sre(o, e ) — > £ C R 3 £/ie following properties. Let / ~f s be 
the standard metric on S , N the Euclidean normal vector field and h the 
conformal factor, that is ip Then the following estimates hold 

\\H E - 2/R E \\ L 2( Si7 E-) < C\\A E \\ L 2(p n E) 

U - ids ||l«(s) < CR E \\A E \\ L 2 {i:>y E ) 
||^ 2 — 1 1| l°°(s) < CR E \\A E \\ L 2(p,fE) 
\\N - v E o ^|| L2(Ei7E) < CR E \\A E \\ L ^ E) . 

To apply the previous theorem we need to estimate || A £ || L 2( E in terms 

o 

of ||A||x,2(e, 7 ). This is the content of the following lemma. 

Lemma 2.5. Let g = g + h on B p be given. Then there exists < po < P 
and a constant C depending only on p and ho such that for all surfaces 
S C B r with r < po we have 

II^ E |Il 2 (s, 7 b ) — C|I^IIl 2 (e,7) + CV 4 ||H"|li2( Ei7 ) 

Proof. This is a straightforward consequence of lemma 2.1 and the Cauchy- 
Schwarz inequality. □ 

3 A priori estimates 

A crucial ingredient in the proof of theorem 1.1 is an estimate for the L 2 - 
norm of the traceless part of the second fundamental form of S. This allows 
us to control the shape of the surface £ in view of theorem 2.4. 

Throughout this section we assume that the metric g = g E + h is fixed on 
B p . We furthermore assume that p is chosen so small that lemmas 2.1, 2.2 
and 2.3 can be applied to any surface in B p . We allow p to shrink as it 
becomes necessary. All surfaces we consider here are of Willmore type, i.e. 
they satisfy equation (1.1) for some A and are furthermore contained in B p . 

Subsequently all constants C may depend on p and ho without further notice. 
In addition these constants are allowed to change from line to line. 

3.1 The initial estimate for U 

Lemma 3.1. Let g = g E + h on B p be given. Then for each e G [0, 1) there 
exists < po < P an d a constant C with the following properties. If e < e 
and S is of Willmore type with multiplier A in B r with r < p and 
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1. E is a topological sphere, 

2. A > -e/|E|, 

3. H > on E. 

T/ien 

|i| 2 + |Vlog#| 2 d/i < CV 2 + 5, 



IT d/i - 16tt 

s 

|E| < CV 2 , and 
|A| < C(l + e/|E 



< C(e + r s 



Note that in equation (1.1) the term AH scales like |E| -3 / 2 so that the 
assumption on A implies that the term XH is of the same order of magnitude 
as this leading order term but small in comparison. 

The proof is similar to the proof of lemmas 3.1 and 3.3 in [6] although the 
role of the individual terms is somewhat different. 

Proof. Multiplying equation (1.1) by if -1 and integrating by parts gives 

|Vlog#| 2 + \A\ 2 + Ric(v,z/) + Ad^ = 0. (3.1) 

s 

In view of the assumption on A and the fact that Ric is bounded this yields 
the estimate 

J |Vlog#| 2 + \A\ 2 dfi < C\i:\ +e. (3.2) 

Inserting this back into (3.1) we get 

|A| < Cil + em' 1 ), 
which yields the last claim of the lemma. 

Integrating (2.4) over E and using (3.2) and the Gauss-Bonnet theorem we 
find that 



H 2 d/i - 8tt 



< C(\J:\+e) 
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In view of the area estimate from lemma 2.2, this yields an estimate of the 
form 

|E| < Cr 2 J H 2 dp < CV 2 (1 + |E|). 

If r < po is chosen small enough, we can absorb the term Cr 2 |E| on the right 
to the left and obtain the estimates 



H 2 d/i - 16tt 



< C{e + r 2 ) 



and 

|E| < Cr 2 

which are the second and third claims. Plugging this into estimate (3.2), we 
obtain the remaining estimate. □ 

3.2 An improved estimate for hi 

The initial estimate from lemma 3.1 allows to apply the a priori estimates 
from section 3 in [6] to get higher order estimates and to improve on the 
initial estimate. 

Theorem 3.2. Let g = g E + h on B p be given. Then there exist e > 0, 
< po < P an d a constant C with the following properties. If e < Eq and E 
is of Willmore type with multiplier A in B r with r < po one? 

1. E is a topological sphere, 

2. X > -e/\E\, 

3. H > on E. 

Then 

J ^^+\VA\ 2 + \A\ 2 \A\ 2 dfi<C J M 2 + (Ric(z/,i/) + A) 2 dp. 

Here u = Ric(z/, -) T is a the tangential/normal component of the ambient 
Ricci curvature. 

Proof. This is a consequence of the calculation in section 3 of [6]. Note 
that the calculation there makes use of the fact that ||v4||l 2 + Vlog£f x,a 
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can be made arbitrarily small (cf. lemma 3.8 there) and this is where the 
initial estimate from section 3.1 enters here. In particular, theorem 3.9 in 
[6] implies that in the local situation we have 

-|VA| 2 + |A| 2 |i| 2 d// 



H 2 



< cj M 2 + (Ric(u,u) + A) 2 d/i (3.3) 
+ Csup|Ric| / \A\ 2 + |Vlog#| 2 d/i. 



Bp JT, 

Next we use the Michael-Simon-Sobolev inequality to estimate 

J \A\ 2 dfi<c(^J \VA\+H\A\df?j <C|E| J \VA\ 2 +H 2 \A\ 2 dfi. (3.4) 

Similarly we get 

|Vlog#| 2 d// <( f + |VlogiJ| 2 + (ViJld^ 

VH\ 



<c\n f 

Jn 



V 

2 

2 , IV7 1„„ LTI4 



\VA\ Z + |Vlogif| 4 d/x. 



1] 



H 2 

Applying the Michael-Simon Sobolev inequality once more we have 
|Vlog#| 4 d/i 

- ° (/ ^Jf^\ VlogH \ + |Vlog#| 3 + #|VlogiJ| 2 d^ 
<C||Vlogif||| 2(s) ^^£ + |Vlog^| 4 + |VA| 2 d/i. 
Using lemma 3.1 we know that for e and r < tq small enough we get 

J | V log | 4 d/i < C| | VlogF| || 2(s) J + \VA\ 2 d/i. (3.5) 

Inserting this into the above estimate for J s |Vlogif | 2 d/x we conclude 

J |VlogF| 2 d/i<C|E| J |V ^f |2 + |VA| 2 d/i. (3.6) 

Hence we see that for r < po small enough, we can absorb the second term 
on the right hand side of (3.3). □ 
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The remaining task is to estimate the term on the right hand side in theo- 
rem 3.2. We start with the following calculation. 

Lemma 3.3. Assume that the metric g = g E + h on B p is given. Then there 
exists a constant C such that for all surfaces £ C B r we have 



I Ric(V, u) d/i — J—J- Sc(0) 



<C\E\(\\A\\ L ^ )+ r) 



o 

Proof. Note that if either ||^4||l2( S ) or r is large, the estimate is trivially 
satisfied, so that it is sufficient to show it in the case where theorem 2.4 is 
applicable and we are furthermore allowed to assume that < r < 1. We 
use theorem 2.4 to approximate E by a Euclidean sphere S = S a E(R E ) with 
a E e B r (0) and R E = ^/|E| E /47r. Since 



IEI < 



dfi E - dfi\dfi < Cr 2 \E\ 



we infer that 

\R E -R\< CrR 
where R = ^/|E|/47r. It is well known that 



Ric (iV, N) d/i i 



Sc(0) 



where we use the notation of theorem 2.4, that is iV is the Euclidean normal 
of S. Furthermore Rico denotes the Ricci-tensor of M evaluated at the 
origin. 

The first step is to estimate 



Ric(A r , N) dfx 1 



Ric (AT, N) d/i 1 



< m E sup\Ric p {N,N) -Ric {N,N)\ < C\E\ E r 
pes 



and therefore 



Ric(7V, N) dfi E - 



Sc(0) 



< CVIEI 



In the next step we estimate J s Ric(z/, v) in terms of j s Ric(A r , N) dfi E . To 
this end note that 



< ClElr 2 . 



Ric(V, v) dpi — / Ric(z/, v) dpi 
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The resulting integral can be evaluated using the conformal parametrization 
ip : S — > X from theorem 2.4. We can express 



Ric(z/, i/) d/i^ = / Ric o^(iy o ?/;, iy o -^)/i 2 d/x E . 
e is 

The estimates of theorem 2.4 and the Cauchy-Schwarz inequality imply that 



Ric(i/, i/) d/T - / Ric(7V, N) dp 1 
Js 



< 



+ 



+ 



/ ( Ric otp — Ric)(V o ^, v o -?/>)/i 2 d/x 
is 1 

/ Ric(f o -0 — N, v o i/j)h 2 dfx 
Js 



Ric(N,voifj - N)h 2 dp E 



[ Ric(A r , N){h 2 - I) dp 1 
Js 



< C\E\U - id |U- ( s) + CISI 1 / 2 ^ o - iV|| i2(5) + C|E| ||/i 2 - 1|| LOO(5) 

° E 

< C\E\\\A ||l 2 (e, 7 b )- 

In combination with lemma 2.5 we infer 

Ric(v, v) dfi E - [ Ric(N,N)dp E < C|£| (||i|| L 2 (s) + r 2 ). 
s is 1 

Collecting all the above estimates results in the estimate 

<C|S|(||% 2(s) +r) 



/ Ric(V, v) d/i — — - Sc(0) 
which is precisely the claim. 



□ 



In the following lemma we derive an estimate for the Lagrange parameter A. 

Lemma 3.4. Assume that the metric g = g E + h on B p is given. Then there 
exist Eq, r < p and a constant C such that all surfaces X C B r as in the 
statement of theorem 3.2 with e < Eq and r < r satisfy 

| A + | Sc(0)| < ClErOlllI 2 ^ + || Vlogtf ||£ 2(s) ) + Cr. 

In particular 

|A| < ClSl^dliU^^ + HVlogifH^) +C. 
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Proof. Equation (3.1) implies that 

a + ill L Ric(z/ '^ d/i - '^"'di^w+i^^^iw- (3 - 7) 



Apply lemma 3.3 to calculate 

lic(r/, i/) - | Sc(0) < C(||i|| L2(E) + r) 
and note that 



Since |S| < CV 2 by lemma 3.1, this implies the claim in combination with 
equation (3.7). □ 

Theorem 3.5. Assume that the metric g = g E + h on B p is given. Then 
there exist Eq > 0, r < p and a constant C such that all surfaces S C B r as 
in the statement of theorem 3.2 with e < e and r < r satisfy 

720-12 



J + I Vv4| 2 + \A\ 2 \A\ 2 d/i < C|£|. 



Proof. In view of theorem 3.2 and the fact that Ric and u are bounded, we 
infer the estimate 

The crucial term to estimate thus is A 2 |£|. We use the estimate from 
lemma 3.4 to get 

A 2 |£| < ClErOliUl^ + ||Vlogtf || 4 L2(E) ) + C|£|. (3.9) 
Combining (3.4) and (3.6) with (3.8) and (3.9), we infer 

|V2jf7| - + |VA| 2 + |A| 2 |i| 2 d/i 

(3.10) 



< cm + cm Qf ^2 + ivai 2 + |AHi| 2 d^ 2 . 

To proceed note that by equation (3.8) and lemma 3.1 we find that 
f \V 2 H\ 2 



H 2 



+ \VA\ 2 + \A\ 2 \A\ 2 dp < C|E|(1 + A 2 ) < C(|S| +e 2 |S|- 1 ) 
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Using this in equation (3.10) to estimate part of the right hand side, we get 
\V 2 H\ 2 



H 2 



\VA\ 2 + \A\ 2 \A\ 2 dp 



HC(|S| 2 + e 2 )( / \^l + \VA\ 2 + \A\ 2 \A\ 2 dv 



H 2 



Thus choosing < e and r < tq small enough, we can absorb the second 
term on the right to the left and infer the claimed estimate. □ 

Corollary 3.6. Assume that the metric g = g E + h on B p is given. Then 
there exist e > 0, < r < p and a constant C and such that all surfaces 
£ C B r as in the statement of theorem 3.2 with e < £q and r < r satisfy 

||l||i2 (s) + ||Vlog#|| L2(s) <C|S|, 

and 

|A+|Sc(0)| <Cr. 

Proof. The first claim follows from (3.4), (3.6) and theorem 3.5, whereas the 
second claim follows from the first one in view of lemma 3.4. □ 



Note that this corollary yields the first claim in theorem 1.1. 
3.3 Estimates in the L°°-norm 

To proceed further we need an estimate for the size of if -1 in the L°°-norm. 
To this end we recall lemma 4.7 from [6]. 

Lemma 3.7. Assume that the metric g = g E + h on B p is given. Then there 
exist Eq > 0, ro < p and a constant C < oo such that for all surfaces £ C B r 
as in the statement of theorem 3.2 with e < Eq and r < r and for all smooth 
forms cf) on S we have 

II0IIW) < C||0||i 2(E) / |V 2 0| 2 + |tf| 4 |0| 2 d/i. 

Proof. This lemma is a variant of [5, Lemma 2.8]. The proof from there can 
be carried over to our situation, since it mainly relies on the Michael-Simon- 
Sobolev inequality which is also available in this situation, cf. lemma 2.3. □ 
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Proposition 3.8. Assume that the metric g = g E + h on B p is given. Then 
there exist Eq > 0, r < p and a constant C < oo such that for all surfaces 
E C B r as in the statement of theorem 3.2 with e < e$ and r < r we have 

||-ff -1 |U°°(E) < Cjsi 1 / 2 

Proof. The idea is to apply lemma 3.7 to the function if -1 . We thus estimate 

llirll^isilltf- 1 !^ (3.ii) 

and calculate 

V 2 (H~ V ) = -H- 2 V 2 H + 2H~ Z VH <g> VH. 

Thus 

/ \V 2 (H^)\ 2 dp<C I H- 6 \VH\ 4 + H~ 4 \V 2 H\ 2 dp 

< C\\H-YL-m J + |Vlogtf| 4 d/i. 

From (3.5) we get for e and r small enough 

J \V\o g H\*dp < C Qf |Vlogtf| 2 d/i) (J + \VA\ 2 dp 

By theorem 3.5 and corollary 3.6 we therefore conclude 



|Vlogi7| 4 a> < (3.13) 

E 

Together with equation (3.12) and theorem 3.5 this yields 

JjV 2 (H-i)\ 2 dp<C\\H-X~v)\n- (3-14) 

Plugging estimates (3.14) and (3.11) into the estimate from lemma 3.7, we 
find that 

II# _1 IIl°°(e) < c 'I s III-^ _1 IIl°=(e)(II-^ _1 IIl°°(e)I s I + J^ H2 ^) 

<C\Z\ 2 \\H-X~ { z) + C\n\\H-Y Loo{x) 
<(C7|E| 2 + |)||^- 1 ||1. (S3) + C|E| 2 . 

If r < r and thus |E| is small, the first term on the right can be absorbed, 
and the claim follows. □ 
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4 Proof of Theorem 1.1 



This section is devoted to the proof of theorem 1.1. Note that the first claim 
already follows from corollary 3.6, hence it remains to show the second claim. 

Throughout this section we assume that the surface E in question is of 
Willmore type with multiplier A. We assume further that H > on E, 
A > — ^jSl" 1 and E C B r (0) where e < Eq and r < tq. Here Eq > and 
tq > are chosen so that all the estimates from section 3 are applicable. 

To get started we recall the splitting (2.5) of the Willmore functional: 

W(E) = 8tt(1 - g(E)) + W(E) + V(E). (4.1) 

Since the first term on the right is a topological constant we infer that 
the variation of W, when E is varied by the normal vector field fv for 
/ G C°°(E), satisfies 

5 f W(£) =5fUp,)+5fV(E). 

Equation (1.1) implies that the variation of W is given by 

6 f W(Z) =A / Hfdfji, 

whenever E is of Willmore type with multiplier A. Thus on such a surface 
we have 

A f Hf&ii = 8fU{Y) + 8fV{Y). (4.2) 
Jt, 

We shall evaluate these terms when the normal velocity / of the variation 
is given by 

f = H- 1 g(b,u), (4.3) 



where b G R 3 is a fixed vector with |6| 
of equation (4.2). 

4.1 The left hand side of (4.2) 
We have 

[ Hfd(M= [ g(b,u)dfi. 

JT, JT, 



= 1. We start with the left hand side 



(4.4) 
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To evaluate this expression note that since E is assumed to be a topological 
sphere in B p it must bound a region Q. We wish to estimate the volume 
of Q. To this end, we approximate E by a Euclidean sphere S = S r e(cl e ). 
With x the position vector field in B p we define the vector field 



X = x — a 
such that 



diVgE X = 3, 



in Q. On E we have 



(4.5) 



\X 



= \^p-a E \ < 
< C\H\ l/2 (l^ 



IA 1 



ids IU»(S) + II id s -a \\l°°(S) 

IU 2 (S,ff B )) ; 



Here ids : 5 



£> p denotes the standard 



since || ids —a || l°°(s) = R 
embedding of S into B p . 

We integrate the relation (4.5) over Q and use partial integration to conclude 
that 



3Vo\ E (Q) 



g E (X, v E ) d^ 



Replacing the integral over E by an integral over S introduces an error of 
the form 



/ g E (X,u E )dfi E - [ g E (X,N)dS 
Jt, Js 



<C(|E|||V-id|| L oo ( s) 
<C<|E| 3 / 2 ||^|| LW) . 

In view of lemma 2.5 we thus obtain the estimate 
IEI 3 / 2 



si 3 / 2 !!/* 2 - i|U»(5) + \n\W E ° ^ - n\\lhs)) 



Vor(n) 



67TV2 



<C|E| 3 / 2 (||i|| L2(E)+ r 2 ). 



The assumption (2.2) implies that for the volume elements of g and g E we 
have that 

\dV g - dV gE \ < C\x\ 2 . 

Combining the last two estimates we get 

|E| 3 / 2 



Vol (ft) - 



67^/2 



<C|S| 3 / 2 (||i|| L2(s) +r 2 ). 



(4.6) 
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Using corollary 3.6 we finally conclude 

ISI 3 / 2 



Vol (ft) - 



6^/2 



< cr 2 \n 3/2 . 



The right hand side of (4.4) can be expressed as a volume integral 



g(b,u)dfi= / divMbdV 
s Jn 



and since |V6| < Cr we estimate 



divM bdV 



< CVVol(fi) < CV|£| 3/2 



Thus, since A is bounded in view of corollary 3.6, we obtain 



A I Hfdfji 



< Cr\n 3/2 . 



(4.7) 



(4.8) 



4.2 The variation of U 

A fairly straight forward calculation shows that the variation of U is given 
by 



(4.9) 



5fU{Y.) = - / 2{A,V 1 f)+2f(A,Ric 1 ) + fH\A\ I d^ 



where Ric T denotes the tangential projection of the Ricci curvature of M 
onto S. With / as in equation (4.3), the second and third term are easily 
bounded as follows 



2f(A,R\c T ) + fH\A\ 2 dn 



<Cm^ 2 sap\f\(J \A\ 2 df?j +C J |l| 2 d//<C|S 



(4.10) 



where we used the fact that \g{b,v)\ < C together with corollary 3.6 and 
proposition 3.8. 

To treat the first term in (4.9), we calculate the first and second derivatives 
of /. Choosing a local ON-frame {ei, €2} on S we obtain 



V e J = H- l g{V ei b, v) + H^gib, e 3 )A\ - H~ 2 V ei Hg(b, v) (4.11) 
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and thus in view of the estimates from theorem 3.5, proposition 3.8 and the 
fact that |V6| < Cr, we find 

J \Vf\ 2 dfi<Cr 2 . 

Differentiating equation (4.11) once more, we obtain 

= -A*A jk f + 2H~ 3 V et HV e] Hg(b, v) - H^V^Hgib, v) 
+ H- 1 (g(V e ,V ej b, v) + giy ei b, e k )A) + g(V ej b, e k )A\ + V ej A>°g(b, e k )) 
- H~ 2 (V ei H(g(V e3 b, u) + g(b, e k )A)) + V ej H(g(V ei b, v) + g(b, e k )A*)) . 

(4.12) 

Our goal is to estimate J^(A, V 2 /) d/x so that all we need of V 2 / is its 
traceless part. Note that the largest term in expression (4.12) is the first 
one on the right hand side. Its contribution consists mainly of the trace 
part. When removing the trace, we find that we can estimate 

|(V 2 /)°| < C(L4||1||/| + H~ l \V 2 b\ + H^\A\\Vb\ + H~ l \VA\ 

+ H- 2 \VH\\Vb\ + H- 2 \VH\\A\ + H~ 2 \V 2 H\ + H~ 3 \VH\ 2 ). 

In view of the fact that | V6| < Cr and | V 2 6| < C, and using the estimates 
from theorem 3.5, corollary 3.6 and proposition 3.8, we infer that 

J |(V 2 /)°| 2 d/i< Cr 2 \E\, (4.13) 

Here we also used that by the estimates from section 3, (3.13) and the fact 
that |v4| 2 = \E 2 + |A| 2 we have 



J H- 4 \VH\ 2 \A\ 2 dfi<C Q |Vlog#| 4 d/i^ ' (J H-\H 4 + \A\ A )df?j ' 

^ClEpOEl^+lEl 3 / 2 ) <C|£| 2 . 

In view of the Cauchy-Schwarz inequality, corollary 3.6 and estimate (4.13) 
we infer that 

^(I,V 2 /)d/i< ^li^dAiy^^KV 2 /) ^^ 172 ^^^! 3 / 2 . (4.14) 

Collecting the estimates (4.10) and (4.14) implies the desired bound on (4.9), 
namely 

\5 f U(E)\ < CY|£| 3/2 . (4.15) 
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4.3 The variation of V(E) 

In section 5.5 of [6] the following expression for <J/V(£) was derived: 

6 f V(Yi) = J —fHG(u, u) - \fH Sc +2f(A, G T ) - 2c(V/) d/i (4.16) 

where as before G = Ric — \g denotes the Einstein tensor of M and uj = 
Ric(z/, -) T . Recall that we chose / = H~ 1 g(b,u) above. In the expres- 

O -, 

sion (4.11) we split A = A + -^H^ and obtain 

V e J = lg(b, e t ) + H^giVeib, u) + H^P^b, e 3 ) - H~ 2 VHg(b, v). 
Plugging this expression into equation (4.16) yields 

5 f V(E) = [ -G(b, v) - \g{b y u) Sc +2/(1, G T ) 

- 2w{e i ) (H- x g{V ei b, v) + H~ x %g% e 3 ) - H~ 2 VHg(b, v)) d/i. 

(4.17) 

Using theorem 3.5, corollary 3.6 and proposition 3.8 we estimate 



J 2f(A, G T ) - 2w{e % ) {H- l g{V ei b, v) 
+ H- x A>g(b, e 3 ) - H~ 2 VHg(b, v)) dfi 



(4.18) 



< Cr|S| 3 / 2 . 



In [6] the Pohozaev-Identity was used to estimate the term J s G(b, v) d/i. 
This is not really necessary here, the following simpler approach is sufficient. 
Recall that the divergence of G with respect to the ^-metric is zero due to 
the Bianchi-identity. Define the vector field X by the requirement that 
g(X, Y) = G(b,Y) for all vector fields Y on B p . Then the fact that G is 
divergence free implies that 



div M X = (G,V6). 



(4.19) 



In section 4.1 we used that E bounds a region VL with Vol(fi) < C|E| 3 / 2 . 
To proceed, we integrate the relation (4.19) over Q and after integration by 
parts we get (recall that |V6| < Cr) 



G(b, v) d/i 



divM XdV 



< CVVol(fi) < Cr|E| 3/2 . 
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In combination with equation (4.17) and estimate (4.18) we infer that 



5/V(E) + \J g(b, v) Sc d/i 



< CV|£| 3 / 2 . 



The final task is to estimate J s ^(6, i/)Sc d/i. As before, we express this 
surface integral as a volume integral. To this end, we consider the vector 
field X = Sc b and calculate 

divM X — g(b,V Sc) + Sc divM b. 
Since V Sc = V Sc(0) + O(r), V6 = 0(r) and g = g E + 0(r 2 ) we infer 

div M X = g E (b, V Sc(0)) + 0(r). 
Thus we can calculate 

/ ^(6,^)Scd^= I div M Xdy = Vol(Q)g E (b, VSc(O)) + 0(rVol(fi)). 

This finally leaves us with the estimate 

|£/V(E) + lVol(ft)0 B (&,VSc(O))| <Cr|S| 3 / 2 . (4.20) 

4.4 The conclusion 

To prove theorem 1.1, we combine the results from the previous sections. 
Combining equation (4.2) with the estimates (4.8) and (4.15) yields that for 
/ as in (4.3) we have 

\5 f V(E)\ <CV|£| 3 / 2 . 
In combination with (4.20) this gives 

|Vol(fi)# £ (&,VSc(0))| < CV|£| 3/2 , 
and since Vol(f2) > C" 1 1 S | 3 / 2 we infer 

|^(6,VSc(0))| < Cr. 
Setting b = VSc(0)/|VSc(0)| B finally shows that 

|VSc(0)| B < Cr. 

Since we can let r — > by the assumptions of theorem 1.1, we infer the 
claim, namely that V Sc(0) = 0. 
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5 Expansion of the Willmore functional 



In this section we calculate the expansion of the Willmore functional on 
small surfaces using the estimates from section 3. We wish to emphasize 
here that similar expansions for the Willmore functional have been computed 
previously for geodesic spheres in [4, Section 3], where also the subsequent 
term in the expansion is calculated, and for perturbations of geodesic spheres 



The calculation here has the advantage that it works under much more 
general conditions. Namely we have the following theorem which holds in 
particular for surfaces as in theorem 1.1 due to the estimates of lemma 3.1 
and corollary 3.6. 

Theorem 5.1. Let g = g E + h on B p be given and let c < oo be a con- 
stant. Then there exists a constant C depending only on c, p and ho as in 
equation (2.2), such that the following holds. 

Let £ C B r be a spherical surface with r < p such that 

< cr|E| and |E| < cr. 
Then the following estimate holds: 



Proof. We use the Gauss equation to express the Willmore functional as in 
equation (2.5) 



By the first assumption the term is a lower order term and can be 

neglected. Furthermore 



In view of the assumptions of the theorem, lemma 3.3 implies that 



in [8]. 




= 8tt + W(£) + V(S). 





Since Sc = Sc(0) + O(r) we furthermore have 
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so that in combination 

V(E) = -Ssc(0) + O(r|E|). 
Altogether this yields 

W(E) = 8tt - H Sc(0) + 0(r|E|), 

which is the desired expansion. □ 

Corollary 5.2. Let g be as in theorem 5.1 and assume that E is a spherical 
surface in B T satisfying 

W(E) < c|E| 2 and |E| < cr. 

IfQ denotes the region bounded by E, tnen tne Hawking mass o/E, 

m ^ (E)= (ll^( 167r - 2>V(S) ) 



satisfies 

m H (E) _ Sc(0) 
Vol(fl) ~ 16tt 



+ 0(r). 



Proof. This is a simple consequence of the expansion in theorem 5.1 which 
holds also under the stronger assumption of the corollary. In addition we 
use the fact that the volume of Q satisfies 



Vol(ft) 



IEI 3 / 2 



< Cr|E| 3 / 2 



6ttV2 

which follows from equation (4.6). □ 
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